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This paper proposes a new trajectory tracking output feedback control design for quadrotor unmanned aerial
vehicles (UAVs) to manage stable flight in the outdoor environment with strong uncertainties, i.e., wind gusts.
The controller is designed to handle unmeasured system states, disturbances, and uncertainties. Extended High-
Gain Observers (EHGO) are employed to estimate the unmeasured system states and disturbances. A newly
designed controller, namely Recursive Least Square with Dynamic Inversion (RLS-DI) controller, determines
the coefficient of the input Jacobian to deal with the system uncertainties present in the input Jacobian.
To deal with the underactuation characteristic inherited in the quadrotor, the controller and plant dynamics

are separated into multi-time-scale structures. The stability of the closed-loop system is analyzed using the
singular perturbation method. Through numerical simulations and outdoor experiments under the wind gust,
the effectiveness of the proposed control algorithm is verified.

1. Introduction

Quadrotor control is challenging because the dynamics have intrin-
sic unstable features [1]. Furthermore, quadrotors are influenced by
external disturbances, which result in additional uncertainties for the
control design. Since quadrotors are used in a wide range of applica-
tions, it is essential to create a robust control system under external
uncertainties in order to ensure the stable flight of the quadrotor.
In this paper, we present the output feedback controller that tracks
trajectories (x, y, z, and yaw) under uncertainties utilizing the recursive
least square combined with the dynamic inversion method on top of the
multi-time-scale structure.

Backstepping and sliding mode control (SMC) methods are ex-
tensively used to add robustness to nonlinear control designs of the
quadrotor under uncertainties. In [2], SMCs were designed to cancel the
uncertainties in a quadrotor system and to address the underactuation
by dividing states into indirect and direct states. In [3], a continuous
sliding-mode control (CSMC) method was introduced to achieve strong
robustness to various disturbances on the quadrotor. Based on the

disturbance observer, the CSMC approach is used to deal with both
matched and mismatched uncertainty in [4]. An adaptive backstepping
scheme was used to manage constant parameter uncertainties which
may be present in the quadrotor dynamics [5]. In [6], the finite-
time backstepping approach is introduced to improve convergence
properties near the trim point. [7] proposed a control method that cir-
cumvents both underactuation issues and cascade constraints caused by
the cascade structure. This method recursively stabilizes tracking errors
by incorporating the SMC and dynamic surface control approaches into
a backstepping-like framework. In [8], the authors present an accu-
rate trajectory tracking controller that utilizes the sliding-mode error
surfaces in rotation dynamics. This method allows two heterogeneous
systems under the complex unknowns to develop independently in the
translation-rotation cascade manners.

To overcome the external disturbances and unmeasured states, var-
ious types of controllers and observers are utilized. In [9], the integral
of the signum of the error-based controller is utilized for the inner-loop
subsystem, and the immersion and invariance method is utilized for the
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outer-loop subsystem. In [10], a nonlinear H, control scheme was used
to stabilize the rotational dynamics while a model predictive control
(MPC) scheme was utilized to track trajectories in the translational
dynamics under state feedback. In [11], a dynamic inversion and L,
adaptive control were combined to deal with unmeasured states, uncer-
tainties, and input delay. [12] proposed a disturbance observer with the
backstepping approach to achieve the disturbance attenuation control
of the quadrotor UAV. The high-gain observer-based approach with
FL control is employed to compensate for actuator and sensor faults
in [13]. Robust controllers for an uncertain payload were designed
using SMC and backstepping control in [14,15], respectively.

Neural networks (NNs) based UAVs controllers are extensively stud-
ied. In [16], NNs are used for the controller and observers to learn
quadrotor dynamics in an online manner, including uncertain nonlinear
terms such as aerodynamic friction. To estimate the disturbances, [17]
uses NNs with a feedback-linearization (FL) method for precise landing
and takeoff by approximating disturbances and incorporating them into
an exponentially stabilizing controller. In [18], a geometric adaptive
controller was augmented with NNs to mitigate unknown disturbances.
[19] proposed an adaptive neural network-based trajectory tracking
controller that is robust against parametric uncertainties of the inner
loop. Without knowing the parameters of the quadrotor and the in-
accessible inner loop controller, the controller was able to accurately
track the trajectories.

One of the drawbacks of the aforementioned approaches is that they
assume approximated dynamics, i.e., approximated inputs Jacobians.
Moreover, these schemes assume a fixed input Jacobian matrix, which
is inevitably vulnerable to uncertainties in the input Jacobian matrix.
These uncertainties may raise a stability issue when the controller is
implemented in the quadrotor hardware and tested in the environ-
ment under highly uncertain disturbances. To address this problem,
we propose a new control strategy that is robust against plant model
uncertainties and external disturbances. We employ a multi-time-scale
structure to overcome the underactuation present in quadrotors and
achieve it by stratifying high feedback gains of the quadrotor’s con-
trollers and dynamics. This multi-time-scale structure is explained in
detail in Section 3. On top of this, the dynamic inversion (DI) [20-22]
is utilized to directly deal with the inputs Jacobian. In contrast to the DI
method proposed in [21,22], we combine the Recursive Least Square
(RLS) method with the DI method to allow further robustness to the
uncertainties in the input Jacobian. The RLS recursively computes the
error between the reference trajectories and current states and reflects
this error into the input Jacobians, which governs the control input’s
update rule of the DI. In addition, the extended high-gain observer
(EHGO) is employed to estimate the model uncertainties, unmeasured
system states, and external disturbances. The main contributions are as
follows:

1. We design a novel output feedback controller using DI, based
on the RLS method (RLS-DI), to deal with uncertain input coef-
ficients. The EHGO is combined with the newly designed RLS-DI
(EHGO-RLS-DI) to estimate the controller’s unmeasured system
states and uncertainties.

2. The stability of the controller is analyzed using the singular
perturbation method [23], which guarantees the stability on the
closed-loop system.

3. To show the outperformance of our proposed scheme, both
the perturbed input Jacobian of the FL method combined with
the EHGO [24] (EHGO-FL) and the disturbance observer-based
CSMC (DOB-CSMC) control strategy are considered in a bench-
mark study. Under the same perturbation, the EHGO-RLS-DI
outperforms the EHGO-FL and the DOB-CSMC.

4. The proposed controller is discretized to perform the outdoor
hardware experiments in the presence of wind gusts. The results
shows that the EHGO-RLS-DI outperformed the EHGO-FL.
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This paper is organized as follows. In Section 2, the dynamics and
assumptions for the quadrotor are introduced. The output feedback
control in the presence of uncertainties is presented in Section 3.
The closed-loop system stability analysis for the proposed controller
is shown in Section 4. Section 5 presents the numerical simulation
result of the proposed controller and compares it with benchmark
controllers. In Section 6, hardware implementation of the proposed
control demonstrates that the proposed control design is effective for
outdoor flight. Concluding remarks and future works are given in
Section 7.

2. Quadrotor dynamic model

Using the body coordinate frame given by the Newton—Euler equa-
tion, the equations of motion for quadrotors in [25] are

Al -2
0353 I ||w @’ X I T

where M = diag(m, m, m) € R>3 is a mass matrix with m > 0. The
inertia matrix is I = diag[/,,.I,,.1,,] € R¥?, and I, I,,, and I,, are
principle moments of inertia along the body-fixed x-, y-, and z-axes,
respectively. The velocity vector is v* = [v,, v,, v,]7 € R® where
the subscripts indicate each inertial axes. The angular velocity vector is
o’ = [0, ®,, w3]7 € R3 where ,, ®,, and w; are the angular velocities
along the body-fixed x-, y-, and z-axes, respectively. The body force is
fb € R3, defined as

o =10, 0, u 1" + RIO, 0, mg]",

cOcy  (s¢psOcy —cOsy)  (cpsbcy + spsy)
R=|cOsy (s¢psOsy +cpcy) (chsOsy — spcy) |,

—s6 s¢pco chcl
where ¢(-) = cos(+), s(-) = sin(+), and ¢, 6, and y are the roll, pitch, and
yaw angles, respectively. The translational control input u; € R is a
force applied along the body-fixed z-axes. The rotational control inputs
are u,, us, and u4, and the torque vector 7 = [u,, u3, ]’ € R3 is
applied to the center of mass in the body-fixed coordinate frame. The
Euler angles 6, = [¢, 6, w]” have the following relation with wb

1 st cto
0, =PO)a®, ¥=[0 c¢p -s¢ |,
0 s¢/cO cp/co

where #(-) = tan(-). Defining the state variables
X=1x1, x0, X", X, =[x, x1" =[x, &1,

X, =ly »l" = 31", X, =z, 2] =1z 21",
e=105, 0;,0/1", 0,=I¢, p1" =19, ¢I",

0y =10,. 0,1 =10, 01", 0, =ly. v,]" =w. ¥,
the state space equations for (1) can be written as
X = AX + BFy,
O = AO + BFy,

Vo =CX,
vy = CO,

@

where X € Dy c R® and © € Dy C R® and Dy and Dy bounded.
We define Dg = Dg, X Do, where ©; = [¢;, 6, y;]” € Dg, C R?
and O, = [¢,, 6,, w,]" € Dg, C R? where Dg = D, X Dg_X D,
with D, = {(-n/2 < ¢ < m/2}, Dy, = {(-z/2 < 6, < =/2}, and
D, ={-r/2 <y, <x/2}. The matrices are A = block diag[A,, A}, 4;],
B = block diag[B,, B;, B;], and C = block diag[C,;,C,,C,] where

0 1 0
Al‘[o O], B‘_H’ c, =[10],

Fy = [F,, F,, FZ]T and Fg = [F¢, Fy, FW]T are given by

(chysOycyy + spysyug [ |0
Fy =——1(cps0;sy; — speyu; | +(0],
m
(cpycbuy &
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Fig. 1. Coordinates of a quadrotor.

X, 0x The fastest time scale X,0
Extended High-Gain Observer
0,66
) U, Uz u

I The second fastest time scale e The slowest time scale
Translational Controller u, Rotational Controller Quadrotor Dynamics
(Feedback Linearlization) (RLS-DI)

i o |

Fig. 2. The multi-time-scale structure of the proposed output feedback controller. The
EHGO resides in the fastest time scale to provide estimates of states (X and ) and
uncertainties (6y and 6). The translational controller (feedback linearization) receives
the translational estimates (X), uncertainties (64), and reference trajectory (X,) and
then passes the rotational reference trajectory (O,) to the rotational controller, which
resides in the second fastest time scale. Next, the rotational controller (RLS-DI) receives
the rotational reference (©,) and translational input («,) and then passes control inputs
(uy,u3,u,) to the quadrotor dynamics, which resides in the slowest time scale. Lastly,
the quadrotor dynamics under the translational and rotational uncertainties (o, and
0p) takes in the control inputs (u,,u,,us, u,) to track the given trajectories (X, and y,)
and outputs the new states (X and O).

Fg=Fg +Byt’, B;=¥(@©O)I",
Fo, =¥ (0)0’ + ¥ (O)[-1"'0" x 1],

where g = 9.81 (m/s?) is gravitational acceleration. The system equa-
tions of (2) in the presence of uncertainties are rewritten as

X = AX + B[Fy (0,u)) + ox (1],
O = A0+ B[Fg, (0,Ug) + 0o,

where Fy = [F, .F, ,F, 1" and Fg = [F; ,F,.F, 1" are a nominal
model of Fy and Fg, respectively, Ugx = [up,u3,u,]7 is the rota-
tional control input, oy and og are the translational and rotational
disturbances, respectively (see Fig. 1).

Assumption 1. The functions oy (f) and c(7) are continuously differ-
entiable and bounded as per the requirements of the EHGO.

There is a mapping that describes the relationship between the
actuators and the control inputs u; for i = 1,...,4 as follows.

u=F(X,0)+GX,0,U)

where F € D ¢ R* and ¢ € D; whose dimension is appropriate to U.
The domains Dy and D are compact sets.

3. Control design in continuous time

In this section, an output feedback controller will be designed
using a multi-time-scale structure. The illustration of the system’s
architecture is shown in Fig. 2. We utilized the multi-time-scale struc-
ture to overcome the underactuation, and it is achieved by stratifying
gains of the quadrotor’s plant dynamics, controllers, and observers. For
example, the controller forces the rotational dynamics to be faster than
the translational dynamics by employing a higher gain on the rotational
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dynamics than the translational dynamics. The fastest time scale is for
the EHGO in order for the EHGO to readily provide estimates and
uncertainties to the translational and rotational controller. The second
fastest time scale is for the rotational controller, which receives the
estimates from the EHGO, and outputs the rotational control inputs
which to be used in the plant dynamics. The slowest time scale is for
the quadrotor plant dynamics that updates the states according to the
control inputs.

To adaptively update and handle the input Jacobian according to
the uncertainties that exist in the input Jacobian, we utilize the DI
with the RLS method. The RLS recursively computes the coefficient
matrix of the input Jacobian, instead of using the fixed input Jacobian.
Since the RLS recursively computes the tracking error rather than
solely computing the current tracking error, the coefficient matrix is
adaptively updated according to the combined tracking error, reflecting
uncertainties presented in the input Jacobian. Note that our newly
developed Recursive Least Square with Dynamic Inversion (RLS-DI)
control method is for the rotational controller, while the translational
controller is employed from FL method [26,27].

3.1. Extended high-gain observers

The EHGO estimates unmeasured states and uncertainties and uti-
lizes high feedback gains to recover the peaking of the estimation and
to guarantee the stability of the closed-loop system. Thus, to attenuate
the effect of the disturbances, the EHGO in [24] is designed as

X = AX + B[Fy (X.u)) + 6 (0] + H,(e3)(y, — CX),
bx = H, (y, - CX),

N R R R 3)
0= A0 + B[FQH(@, UR) +69(1)] + Hy(e3)(yg — CO),

6o = Hy,(yp — CO),

where the estimates of X and © are X = [XT, XyT X" and
6 = (067, éGT, @VT,]T, respectively. Furthermore, X, = [%;, %,]7,

Xy = [91, f’z]T, X; = [51, 22]T, é¢ = [031, <I§z]T, ég = [917 éz]T,

»w = [¥, #,]7. The estimates of oy and og are 6x = [6,.6,.6,]"
and é¢ = [&d,,&g,&v,]T, respectively. The observer gains, H,, H, , Hy,
and H,, are defined as

>

H, =block diag[H, ,H,,,H, ], H, =Ilo;/e3,ap/e3]",
er B diag(aﬁ/e;, ay3/£§, az3/£§), i=x,y,2,

. - @
H, = block diag[H,,, Hy,, Hy,], Hy, = la;1/e3 ajp/e5]"

Hy = diag(a¢3/e§, 0‘93/52’ %3/6‘;)» ji=¢.0,w.

where gains a; j fori=x,y,z,¢,0,y and j = 1,2, 3 are chosen such that
the polynomials, s3 + a;; 52 +aps+a; for i = x,y, z, ¢, 0, v, are Hurwitz.
0 < &3 < 1 is a small positive constant.

3.2. Output feedback controller for rotational dynamics (RLS-DI)

The output feedback control for rotational dynamics is designed
based on the estimates from the EHGO. Our RLS-DI is introduced to deal
directly with the input Jacobian. In the DI method, the control inputs
cannot be computed if the Jacobian matrix is calculated as singular due
to the uncertain inputs in the controller. To avoid this issue, we define
a sector condition as follows.

Assumption 2. There is a unique continuously differentiable function
U(t,0,Upg, ¢,.0,) such that U;; =U(1,0,Ug, ¢,.0,) solves the equation

Fo = Fg (1.0.Uj) + 09— f,,(1.0) =0 5)

where Fg is a nominal model, and f, is a reference vector. The
derivative Ul’; is bounded on compact sets of @. Furthermore, there is
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a known matrix K, such that the terms Fy +o0g — f,, satisfy the sector
condition

5, KFg > ps,"s, (6)
with s, = U — U}, and the positive constant § > 0.

Given the estimates from EHGO , the rotational controller utilizes
RLS-DI as

&Up=-P'Fs, Ug0)=Upg,. %)
Fy, + 645 =11,

Fo, = Fo, + 60 = fr, =| Fo, + 605 =1y, |- (8)
Fv,n + &w - fru,/

where P is a coefficient matrix with P = —PTP, P(0) = P,, and &,
satisfies 0 < £5 < &, < 1 for the multi-time-scale separation. O, and 6,
are a saturated © and &, respectively. Uz € Dr C R3, P € Dp c R¥3
where Dy and Dp are bounded. Furthermore, the reference vector froo
is given by

Iri —kg, (b — db,) — kq,zfﬁzs
fré =| 7y |=| Ko, 01 = 6,) — kg, 03 | 9
fr, —ky, (w1 = w,) = ky, W

¢, and 6, are the trajectories given from the translational controller as
(12), and y, is a differentiable bounded reference. The control gains
are

k

> k¢2 = k92 = kv/z =7 (10)

kd>1 =k‘91 = klm = £

)

where k, and k, are chosen such that the polynomial s? + k,s + k; is
Hurwitz. The small positive constant ¢, is chosen to satisfy the multi-
time-scale separation condition 0 < ¢; < &€, < £, < 1, and to ensure a
quick convergence of ¢,, 6,, and y, to the trajectories ¢,, 6,, and y,,
respectively. In (8) and (9), i,, and 6;, for i = ¢,0,y are

i, = M sat o 6. = M, sat s an
2s — Mip M- > Oig = G M- .
i2s Ois

where the saturation operator sat(e) is defined as

sat(e) = e, if |e|l <1,
~ \sign(e), if |e| > 1.

The saturation levels, M; and M, , are chosen so as not to be active
under state feedback control.

3.3. Output feedback controller for translational dynamics

The output feedback control for translational dynamics is designed
based on the estimates from the EHGO. To overcome the mechanical
underactuation, ¢; and 0, are taken as virtual inputs ¢, = ¢, and 6, =
0, provided by the rotational dynamics, which is in a faster time scale
than translational dynamics. The control inputs for the translational
dynamics are ¢,, 0,, and u,. The control inputs are [26,27]

m(f; -8

U =—-—,
cos ¢, cos b,

(f, siny, — f, cosy,)cos 0,
¢, = tan™! < : S a - > , 12)
f.-¢g
f,siny, + f, cosy,
6, = tan-! (y—>
f-—¢g
where
Ix _kxl(xl —x) = kxz(}%Zs —X,)+ X, — 6y
Fol =k, 01 = 9 = ky, G = 90+ 5, 6, |-
fz _kzl (Z] - Zr) - kzz(22s - Z‘r) + 2r - &zs
k; and k;, are chosen such that the polynomials, 52 + kiys + k; for

i = x,y,z, are Hurwitz. Here, i,, and 6,, for i = x, y, z are the same as
an.
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4. Stability analysis of the closed-loop system

In this section, we will show the stability analysis of the closed-
loop system based on the Lyapunov analysis. First, we will define the
error variables of the closed-loop system, which consists of translational
dynamics, rotational dynamics, output feedback controllers, and EHGO.
Second, the closed-loop system is derived as the singularly perturbed
form for the stability analysis.

4.1. Error dynamics of extended high-gain observer

T

The error variables of the EHGO are n = [n),

1517, where
i =1 iy =iy R
=iy 1T myy = ===y, = == my = 0;1) = 6,(0)
3 €5 £3 :
for i = x,y,z,¢,0,w. The EHGO error dynamics is written as

31 = A+ 25 B 4| + By4y), (13)

where the matrices A, = block diag[Ax,Ay,Az,A¢,A9,Aw] e RISxI8,

B, = block diag [B,,....B,] € R'®® and B, = block diag
[B,,..--»B,l€ R!8%6 are given by

-a; 1 0
Ar=|-ay 0 1|, B, =[0.1,01", B, =1[0,0.1]",

-a3 0 0
and 4; for i =1,2,3 are
_ (FX<@,u]>—FX(<?,u.>)/ss] 4 =[<'rx]
1T |(Fo(0.Ug) — Fo(B.Up) /&3] 27 |66

We note that the disturbances, o; for i = x, y, z, ¢, 0, w, need to be con-
tinuously differentiable as described in Assumption 1. The components
of 4, i.e., Fx(O,u;) — Fy(0,u;) and Fy(0,Uy) —Fg(0,Uy), have the
bounds || Fy (0, u;) — Fx(0,u))| < &lnll and || Fg(©, Ug) = Fo(0,Up)|l <
£3]lnl. 4, have the bounds ||4,]| < ks, with ks, > 0.

4.2. Error dynamics of rotational controller (RLS-DI)

The error variable for the RLS-DI is s, = Ug — Uy where Uy, is the
solution of (5). The error dynamics of the RLS-DI are written as

€28, = —PTFg(t,0,Ux +5,) + 4, + A9 — £,Uy%, a4
where

Ggs = 0y kg (o = $2)
4,, = 695 —0p |» 4o = kg,(025 — 02)

&WS — Oy ka ('1725 - WZ)

4.3. Error dynamics of rotational dynamics

The rotational error variable is eg = [eg,eBT, ea]T where
_ T . P
e;=le e, 1" e =iy —ip e, =e(iy—i,),

for i = ¢, 0,y. The rotational error dynamics is formulated as

€169 = Apeg + Blk (0, — 0,) + e2Fg — €20, — €,k,6,], 15)
where 0, = [¢,,0,,w,]7, and Ag = (A — BLg) with Lg = block diag
[Ly.Ly. L, ] with L; = [k; .k, ] for i = ¢.0.y.

i
4.4. Error dynamics of translational dynamics

We begin by defining the translational error variable ey = X — X,
where X, = [x,,%,, ¥, Vs> %, 2,17 . The translational error dynamics are
written as

¢x = Ayey + B[Fy, + Fyl,
Fy, = fx(©,u) = fx(O,uy), (16)
Fy, = fx(©,,u1) = fx(O,,uy),
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where Ay = A— BLy, Ly = block diag[L,,L,,L.] and L; = [k; . k;,]
fori=x,y,z.

Now, we will analyze the multi-time-scale structure of the closed-
loop systems (13)—(16). The steady state of each subsystem is investi-
gated by sequentially introducing the boundary layer system from the
fastest to the slowest subsystems. Let (13) be the fastest subsystem and
other subsystems as the slow. The boundary layer system of (13) is
obtained by setting ¢; = 0 on the right-hand side of (13) as

£31 = Ay,

which is exponentially stable at n = 0. With the quasi-steady state 7,
let (14) be the fastest subsystem among the subsystems of the reduced
system consisting of (14)—(16). We have the boundary layer system of
(14) by setting £, = 0 on the right-hand side of (14) and letting # = 0,
g5 =0as

€5, = —PTFg(t,0,U}; + 5,).

To analyze the stability, we define a Lyapunov function of the rotational
controller as V; = sT Ps,. By taking the derivative of the Lyapunov
function with respect to time and using (6) such that K is P, we have
V,=- <£) sZ-PTF(_) - SZPTPSr <- (2) srTsr - srTPTPsr,
& )

which is asymptotically stable at s, = 0. With the quasi-steady state 5
and s,, consider that subsystem (15) is the fastest subsystem among the
reduced system consisting of (15) and (16). The boundary layer system
of (15) is obtained by setting £; = 0 on the right-hand side of (15) as

£1¢g = Ageg,

which is exponentially stable at eg = 0. The boundary layer system of
the remaining subsystem (16) is

éx = Axey,

which is exponentially stable at ey = 0.

Theorem 1. For closed-loop systems (13)—(16), suppose that Assump-
tions 1 and 2 are satisfied. Choose compact sets X, C R!? in the domain
Dy x Dg, X, C R3, X5 c R'?, and X, c RO. Suppose that dll trajectories
(X,0,Ux, X,0, 6y,6¢) start from (X(0),000) € X, Ug(0) € X,,
(X(0),0(0)) € X5, and (6x(0), 8¢(0)) € X,. Then, there exists £* > 0 such
that for

€ £
£, <€&", &3 <&, 6—2 < ", 3 < %, a7)

£ <&¥,
1 &

« all trajectories are bounded;

« IX=X,Il > 0and |Ug ~Ull - 0 as e, in (10) and (15), ¢, in (7)
and (14), &5 in (4) and (13), (&,/€,), and (¢3/e,) approach zero
forall t > 0.

Proof. We define Lyapunov functions of each multi-time-scale system
for the stability analysis of the closed-loop system.

Vy = ek Pyey. Vo = el Poeg, V, =FLFg, V, =n" P, 18)

where P, are found by solving AT P, + P,A;, = —-Q, with i = X,0,7, and
Ay, Ag, and A, are defined in (13), (15), and (16), respectively.

We define the following domains in which we will conduct the
stability analysis of the closed-loop system

Q,={Vy <a;} x{Vg <a} x{V, < a3},

Qy={Vx <b} x{Vg by} x{V, < b3}, (19)
Q. ={Vx <1} x{Vp <0r},

where 0 < a; < b; < ¢, 0<a, < b, <c¢p,and 0 < a3 < b;. We use
a multi-time-scale separation approach in which the dynamics are split

into the subsystems described earlier, and we utilize the sets in (19) for
this analysis.
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First, we show that all trajectories enter a positively invariant set
using the Lyapunov functions in (18) for each subsystem. A brief
description of the proof for this work is similar to that shown in earlier
work on high-gain observers and DI, e.g., [22] as follows

« Initially, the trajectories (ey,eg.s,) and #5 starting from
(ex(0),eg(0),5,.(0)) € £2, and n(0) which lies outside of the set
v, € pe%}, enter the set 2, X {V, < pleg}.

« Next, the trajectories (ey, eg, s,) and » starting from within 2, x
v, < pe%} enter the set Q, x {V, < pzuf} x {V, < pleg} with
Hy = (e2/1).

« Finally, the trajectories (ey,eq,s,) and # starting from within
Q. x{V, < pyu?} x {V,; < py3} enter the set {Vy < ¢/} X {Vp <
e} X {V, < pou?} X {V;, < pleg}, where ¢, and e, are positive
constants.

Since all three steps above are similar, we will only prove the
first bullet. In the first bullet, the initial trajectories (ey,eg,s,) and n
start from the set (ex(0),eg(0),5,(0)) € 2, and 1 & {V, € peg} where
[l70)]] < (k/eg). The derivative of ¥, with respect to time along the
trajectories (13)—(16) is as follows.

V,=- <i> n"n+ (B4 + Byay) Py
€3

Using the boundness of the term (B4, + B,4,) in (13) for all

(ex,eg,s,) € 2,, we obtain

. 1
Vy < = — Il + ko, Il + Ko, L
? (20)

1 2
<—-— +k for < —
< =g Il + ko e < 5

o1

where k, for i =1,2 are positive constants. With 5 < 1/(2k, ),

- Y1
WS‘(%)”’
2

where p; = P, 75

2
for V, 2p€

for some y; > 0 and 7, > 0, and P, = A, (P
For the second bullet, since the trajectory 5 is restricted to the set
{V, < p1£3}, n has the upper bound, |||| < 4k,, 5 for positive constant
k,,. With this upper bound, a similar procedure can be used to prove
the second and third bullet, so those proofs are omitted.

Next, we will prove that the size of the ultimate boundedness can
be arbitrarily small with sufficient small control parameters, 0 < &5 <
£, < g < 1. The derivative of the Lyapunov function Vy and V along
the trajectories (13)-(16) are as follows.

. T
Vy=—eley +2 [FXI +FX2] BT Pyey
@D

< = llex|l* + 2Py, (kx, lleoll + x, ) lexll

. 1\ r
Vo=—(—
© <£1>e9e@
2k,

€] (Fg - @Z-) - kZQf + <g_l> (@U - @r)T] BTPQeQ (22)

=" <i> leol* + [e1ko, (IIFoll +©,,) +ko,0, ] lea]

+2

where ||Py|| < Py, , ©
derivatives, respectively. kx, for i = 1,2 and kg, for i = 1,2 are some

,, and O, are the rotational reference and its

positive constant.
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The derivative of V, with respect to time is
. oF oF
V= Ko\ (e
U, ) \ou,
9Fg\ (0Fg
U ) \oUg
JoF JF,
FT re . ¢] .
' @Kaw,)w(aa@ o
oF 23
+¥0 <a£>{<l>[Mﬁ9+k3«%—@J] 23)
€]

+e, (Fo—-6,)+6,+6,|}
<= (L) Il + (2 ) 1ol (4, +26)

# () ko leoll + €1k, (IFoll + 40, IFol + 02 Fo

where kn- for i = 1,...,5 are positive constants. Note that Aa@ and 4y
are bounded as 4,, < k@6||n|| and 4,, < s3k97||;1||, respectively, after
the system passes the transient period of the EHGO.

Now we will show the stability of the entire coupled subsystem
using the method in Section 9.3 of [28] with (20)-(23). We define

Sy = VVx, S5 = Ve, S35 = \/V,, S, = /V, and take the upper

right-hand derivative D*(-) of each variable, resulting in

0.~ Fo|

D*S| < —k, Sy + kg, Sy + Ky S

ki,
D*S, < - <E_ll> Sy + &1ky, Sy + £k, 81 (1) + ke, 55(1)

k k., +k. &
+ o Za c3 <3
prsy e (B s (P2 ) i

k
+ (f) S+ €1kg 83(0) + k., 84(1)

k
DtS, < - <Ei31> Sy + kg, 65(0)

where the positive constants §; for i = 1, ..., 5 are nonvanishing pertur-
bations, and the positive constants k],’ forp=a,b,c,dandi=1,...,7
are independent on ¢, €,, and £5. (24) can be formed as a matrix form
as

D'S<-HS+¢Z + 7,

where

D*S = [D*S,, D*S,, D* Sy, D*5,]"
= [SI,SZ,S3,S4]T,

T
Z, = [0, Ky, 81(0), kg, 530, 0] ,

T
Z, = [o, ks 8,(1). ke, 6,(0), kdsés(t)]

H is quasi-monotone increasing [29] with 0 < &3 < ¢, < ¢ < 1
because the off-diagonal components of H are positive, as explained
similarly in Appendix B of [22]. Now consider the differential equation
with respect to the control inputs U = [ul,uz,u3,u4]T as

U=-HU +¢&,Z,+2Z, (25)

with initial conditions U(0) = S5(0). We can show that S < U for
V¢ > 0 and that the steady state of (25) is H™! (¢, Z; + Z,) using the
vectorial comparison method presented in Chapter IX of [29]. Thus, we
can conclude that the size of the ultimate boundedness can be made
arbitrarily small since the ultimate boundedness is dependent on ¢; for

i=1,23 1

5. Numerical simulation results

The proposed output feedback controller is validated through nu-
merical simulation. The objective of the simulation is to evaluate the
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Table 1
RMSe values of the DOB-CSMC, EHGO-FL, and EHGO-RLS-DI.
DOB-CSMC EHGO-FL EHGO-RLS-DI
RMSe Degrated 3.7084 3.1233

tracking performance of the proposed controller along the reference
trajectories, f, = [Ssint, Scost, 5sint]”, and w, = 0 in the presence
of the external disturbances oy = [-3sin2t, —3sin2¢s, —3sin2¢]7 and
69 = [cost, cost, cost]”. The system parameters were m = 1 kg,
I, = 0.0093 kg m%, I, = 0.0107 kg m*, and I, = 0.0195 kg m’. The
control gains for the plant and reference systems are k, =k, =k, =
7.ky, = ky, = k;, =3, k; =50, and k, = 10. The control parameters
are £; = 0.18, &, = 0.001, and &3 = 0.0001 which are chosen to satisfy
(17). The observer gains are o;; = a;, =3, a3 = 1, @;; = ajp =5, and
ap =1, for i = x,y,z, and j = ¢,0,y. The initial conditions for the
system states in the numerical simulation are

X1 0)=1, x,0)=02, y;(0)=1, y,(0)=—0.1,
2,0) =1, zy(0)=0.1, ¢,(0)=0, ¢,(©0)=0,
0,0)=0, 6,(0)=0, y;(0) =0, y,(0)=0

The initial conditions of the RLS-DI are

uy(0) = 48, u3(0) = 0.5, uy(0) = 0.5, Py = I.

The initial conditions of the EHGO are

£1(0) = £,(0) = (0) = $,(0) = £,(0) = £,(0) = 0,
6,(0) = 6,(0) =6,(0) =0, ¢(0)=0,(0)=y(0) =1,
$,(0)=0.1, §,(0)=0, ,(0)=1,

69(0) =1, 64,0)=0.1, 6,0 =

In Fig. 3(a), the translational trajectories x;, y;, and z, and the
translational references x,, y,, and z, are shown. Excellent tracking is
achieved even in the presence of unknown external disturbances oy
and og. In Fig. 3(b), trajectories ¢,, and 6, from the RLS-DI and the
reference y,; are indistinguishable from the trajectories ¢, 6;, and y,.
The four control inputs u;, u,, us, and u, are shown in Fig. 3(c). In
Figs. 3(g) and 3(h), ©® and 6 are indistinguishable. The results shown
in Fig. 3(i) indicate that the EHGO successfully estimates the rotational
disturbances, og. In Figs. 3(d) and 3(e), X is on top of the estimates
X. The results shown in Fig. 3(f) present that the EHGO successfully
estimates the translational disturbances cy. At the beginning of the
simulation in Figs. 3(e)-3(i), the peaking phenomena are shown and
quickly disappear due to the high gains of the EHGO.

In Fig. 4, the EHGO-FL [24], DOB-CSMC, and EHGO-RLS-DI are
compared by perturbing the input Jacobian. The same diagonal matrix
is added on each of the input Jacobian for perturbation. While the
EHGO-RLS-DI and the EHGO-FL successfully track the references, the
DOB-CSMC is degraded. To show the effectiveness of the EHGO-RLS-
DI over the EHGO-FL, we utilized the sum of the root-mean-square
error (RMSe) over the experiment time duration as a performance
parameter, i.e., RMSe = rms(x; — x,) + rms(y; — y,) + rms(z; — z,) +
rms(y, — y;). The results shown in Table 1 indicate that the proposed
EHGO-RLS-DI outweighs the EHGO-FL by 15.78%. The outperformance
of the EHGO-RLS-DI is because the RLS method recursively computes
the input Jacobian’s coefficient P according to (7) in the direction of
attenuating the perturbations.

6. Hardware implementation
6.1. Control design in discrete time

For the hardware implementation, we discretized the proposed
controller using the forward difference method with sampling time
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Fig. 3. Note that the red dashed lines are references and the solid black lines are the estimates or states. (a) The references x,, y,, and z, and states x;, y,, and z, are plotted.
(b) The references ¢,, 6,, and y, and states ¢,, 6,, and y, are plotted. (c) The control inputs u,, u,, us, u, are plotted. (d) The states x,, y,;, and z, and estimates %,, 9;, and 2,
are plotted. (e) The states x,, y,, and z, and estimates %,, J,, and 2, are plotted. (f) The disturbances o,, ¢,, and ¢, and estimates &,, 6,, and 6, are plotted. (g) The states ¢,
6,, and y, and estimates ¢,, §,, and iy, are plotted. (h) The states ¢,, 6,, and w, and estimates ¢,, §,, and y, are plotted. (i) The disturbances 04, 09, and o, and estimates 6,

64, and 6,
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Fig. 4. Given the references, the performance of the EHGO-FL (solid red line), the DOB-
CSMC (solid green lines), and the EHGO-RLS-DI (solid blue lines) with a perturbation
are compared.

T = 0.004 (s). The EHGO in (3) is discretized as follows

Xiy1 = X + TIAX, + B (Fx(X,up) + ox (@) + Ho(e3)(y, — CX)],
&x,,, = 6x, + TIH, (v, — CX)],

6141 =0, + TIAB, + B (Fg(0,Up) + 6¢(1)) + Hy(e3)(yg — CO),
b6,,, =60, + T[H,, (yy — CO)],

(26)

where T is the sampling period, and estimates of X and © are X, =
[Xf,XyT,XZ]T and 6, = [ég,ég,évT/JT, respectively. The high gains
of the EHGO are the same as the continuous time system in (4). The
output feedback controller for the translational dynamics is the same
as in (12) utilizing the estimates of the states and disturbances from the
EHGO.

The output feedback controller for the rotational dynamics is

: @7)
Py =P - <2> PP, Py=P(0).
€2

In the real system, the control inputs consist of the thrust force u; and

torques u,,u;, and u, are mapped into four thrust forces corresponding

to four propellers of the quadrotor. This mapping will be explained in
detail in Section 6.3.

As a demonstration of the time responses of the discrete time

control system, we discretized the proposed controller as shown in

(26) and (27) and conducted the discrete time numerical simulation.

are plotted. The initial part of the time was enlarged and plotted to the right of each plot.

The sampling rate is 250 Hz, the same as the sensor sampling rate of
the hardware configuration that will be elaborated in Section 6.2. The
control gains for the plant and reference system are k, =k, =k, =
22, ky, =k, = k;, =6, k; =50, and k, = 10. The control parameters
are ¢, = 0.21, &, = 0.03, &5 = 0.025, which satisfy (17). The initial
condition of P, in (7) is chosen as Py, = I; where I, ¢ R¥3 is an
identity matrix. The EHGO gains defined in (4) are a;; = a;p =5, a3 = 1,
a; = aj, =3, a;; = 1. With these values, the rise time, peak time, and
settling time are 0.628, 0.848, and 1.5 s, respectively.

6.2. Hardware configuration

We used a Pixhawk-4 Flight Management Unit (FMU) to implement
the proposed controller. The FMU contains accelerometers, gyroscopes,
a magnetometer, a barometer, and a GPS. All sensors except GPS are
encapsulated within the Pixhawk FMU, while the GPS is connected
externally. An Extended Kalman Filter fuses the sensor data and pro-
vides necessary signals, such as x;, y;, z|, X3, Y2, 22, $15 01, Wy, bos
0,, and y,. The signal z, is mainly provided by the barometer. All
sensors are operated at a fixed sampling rate of 250 Hz. To minimize
the disturbance from vibrations, the FMU is placed on a vibration-
damping board. For actuators, we used four 810 kV motors with four
40 A Electronic Speed Controllers (ESCs) and four 10 x 4.5 carbon fiber
rotors. A three-cell 2200 mAh Lithium Polymer battery is used as a
power source. A detailed configuration of the quadrotor is shown in
Fig. 5.

6.3. Actuator mapping and system parameter measurement

Since the control signals indicate the torque along the three body
axes and vertical thrust force, the control signals need to be converted
into rotor force signals. Requested forces f; for i = 1,...,4 corre-
sponding to four actuators are mapped to control signals as follows.

wk+ D) wmk+D) w+ D) ugk+ D)
4 4d 4d 4c
where i = 1, ...,4 are the index of each motor, and d = 0.153 (m) is the
distance between the actuator and the center of mass of the airframe

filk+1)= (28)
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Fig. 5. Sensor connection configuration of the quadrotor.
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Fig. 6. Trajectories x;, y,, and z; of EHGO-RLS (red solid lines) and EHGO-FL (blue
solid lines), and references x,, y,, z, (black dashed lines) of the outdoor experiment
are plotted.

L

Fig. 7. The frame-by-frame time lapses images of the hardware experiment.

in the x and y directions. ¢ is the drag coefficient of the rotors, found
to be 0.1. Note that the thrust force u, is equally distributed into four
motors, and the rolling and pitching torques corresponding to u, and us
are converted into forces by dividing with moment arm d. The yawing
torque u, is scaled by the drag coefficient c¢. Then, the desired forces
are mapped to PWM signals, and the function between forces and PWM
signals is obtained experimentally. We use a load cell with Arduino
to measure the thrust force of the motor. The function is obtained as
follows.

Mi(k) = G £ (k) + Gy f2(k) + G5 f;(k) + G4

fori = 1,...,4, where G, = 2269 x 1077, G, = =35 x 1073, G; =
2.598 x 1073, and G, = 9.676 x 10°. The moment of inertia is found to
be I, = 0.0134 kg/m?, I, = 0.0143 kg/m?, and I, = 0.0235 kg/m’
obtained by trifilar pendulum experiment as described in [30]. The
mass of the quadrotor m = 1.164 kg.
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Table 2
RMSe values of EHGO-FL and EHGO-RLS-DI for hardware
experiments.

EHGO-RLS-DI EHGO-FL
X, 0.1664 0.2999
» 0.1497 0.2130
z, 0.1399 0.2198
W 0.0215 0.0387
Total 0.4776 0.7714

6.4. Experimental test results

The experimental platform is configured with the proposed EHGO-
RLS-DI. In this case, a second order EHGO is utilized. The control
gains for the plant and reference system are k,, =k, =4, k; =5,
ke, =k, =5k, =75,k =2, and k, = 4. The control parameters are
chosen as ¢, = 0.18, &, = 0.0013, 5 = 0.0012, which satisfy (17). The
initial condition of P, in (7) is chosen as P, = 0.18- I;. The EHGO gains
defined in (4) are a;, = 0.074, a;3 = 0.0001, a;, = 0.166, a;3 = 0.0001.

The objective of the experiment is to track the reference trajectories
X, and y, in the presence of disturbances and uncertainties. To fulfill
the condition, we conducted the outdoor experiment under strong wind
gust conditions with an average wind speed of 3.2 (m/s) according
to the weather report. Note that the wind gust is the main source
of the external disturbances oy and oy, and it is well-assumed to be
continuously differentiable. In addition, we can assume that the speed
of the wind gust is bounded since it has a finite power of disturbances.
We conducted the experimental test as follows. Initially, the quadrotor
was flown by a remote control transmitter. Once the quadrotor was
stabilized, the trajectory tracking mode was activated. The trajectory
tracking mode includes three consecutive tasks; position-holding mode,
circle-tracking mode, and again position-holding mode. For 0 < ¢ < 15,
the position-holding mode is activated with reference trajectories x, =
Xinits Yr = Yinits Zr = Zinir» and w, = 0 where subscript init indicates
the initial positions. Then, for 15 < 7 < 55, the circle-tracking mode
is activated with reference trajectories x, = x;,;, + 2.5 - cos(xt/10),
Ve = Vi + 2.5 - sin(xt/10), z, = z;,;;, and y, = 0. Lastly, for ¢ > 55, the
quadrotor holds its position on the initial positions, x, = X;,i;, ¥ = Yinirs
Z, = Zji» and y, = 0. The tasked reference trajectory is shown in Fig. 6.

In Fig. 6, the hardware experiment results of the EHGO-RLS-DI and
EHGO-FL are presented. Utilizing EHGO, both methods were able to
track trajectories under external disturbances, which are primarily due
to wind gusts. Before the activation of the trajectory tracking mode,
the quadrotor moved freely in both the x and y directions. After the
activation, the quadrotor attempted to move to the location where the
mode was activated. Then the quadrotor tracked the given trajectories
smoothly. In Table 2, the RMSe values are introduced to present the
superior performance of the EHGO-RLS-DI over the EHGO-FL. The
result shows that the EHGO-RLS-DI improves the RMSe value over
the EHGO-FL by 44.5%, 29.7%, 36.4%, 44%, and 38.1% for x, y, z,
v, and as a total, respectively. The frame-by-frame time-lapse images
of the outdoor hardware experiments are shown in Fig. 7. The video
of the outdoor experiment can also be found in the following link:
https://youtu.be/ltcx1X3WulU.

r

7. Conclusions

In this paper, we developed a novel trajectory tracking output
feedback control design for quadrotors in the presence of uncertainties
and disturbances using the recursive least square method with dynamic
inversion (RLS-DI). The multi-time-scale approach was well suited to
this problem to deal with the underactuation present in quadrotors. The
FL for the translational dynamics was in charge of resolving non-affine
control inputs, whereas the dynamic inversion based on the recursive
least square method for the rotational dynamics dealt with uncertain in-
put coefficients. The EHGO provides estimates of unmeasurable system
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states and uncertainties for the controllers. We presented the compre-
hensive stability analysis of the closed-loop system using the singular
perturbation method. Through numerical simulation, we showed that
our proposed control EHGO-RLS-DI is suitable to attenuate the distur-
bances and uncertainties in the input Jacobian, and it outperforms the
EHGO-FL and DOB-CSMC control method. Furthermore, the outdoor
experiments in the wind gusts showed that our EHGO-RLS-DI overcame
the disturbances and successfully tracked the reference trajectories, and
outperformed the EHGO-FL.
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